When a gauge-natural invariant variational principle is assigned, to get canonical covariant conservation laws, the vertical part of gauge-natural lifts of infinitesimal principal automorphisms -defining infinitesimal variations of sections of gauge-natural bundles -must satisfy generalized Jacobi equations for the gauge-natural invariant Lagrangian. Vice versa all vertical parts of gauge-natural lifts of infinitesimal principal automorphisms which are in the kernel of generalized Jacobi morphisms are generators of canonical covariant currents and superpotentials. In particular, only a few gauge-natural lifts can be considered as canonical generators of covariant gauge-natural physical charges.
Introduction
In [1] the general program was started of defining covariant conservation laws for field theories as generators of infinitesimal transformations of the basis manifold. In the classical Lagrangian formulation of field theories the description of symmetries and conserved quantities amounts to define suitable (vector) densities which generate the conserved currents; in all relevant physical theories this densities are found to be the divergence of skew-symmetric (tensor) densities, which are called superpotentials for the conserved currents. It is also well known that the importance of superpotentials relies on the fact that they can be integrated to provide conserved quantities associated with the conserved currents via the Stokes theorem (see e.g. [4] and references quoted therein). Within such a procedure, the generalized Bianchi identities for geometric field theories -introduced by Bergman to get (after an integration by parts procedure) a consistent equation between (local) divergencies within the first variation formulaare in fact necessary and (locally) sufficient conditions for the conserved current ǫ to be not only closed but also the divergence of a skew-symmetric (tensor) density along solutions of the Euler-Lagrange equations. However, to "covariantize" such a derivation of Bianchi identities and superpotentials, background metrics or (fibered) connections have to be fixed a priori (see e.g. [2, 4] and the wide literature quoted therein). The outcoming of such an ad hoc procedure is, notably, a triviality result concerning existence of global superpotentials for gauge-natural field theories [14] despite of the topology of the gauge-natural bundle. However, not any choice of a background connection, although always possible, turns out to be canonical with respect to the gauge-natural invariance of a given variational problem.
We shall show that, when a gauge-natural invariant variational principle is assigned, to get canonical covariant conservation laws, the vertical part of gauge-natural lifts of infinitesimal principal automorphisms, defining infinitesimal variations of sections of gauge-natural bundles, must satisfy generalized Jacobi equations for the gauge-natural invariant Lagrangian. Vice versa all vertical parts of gauge-natural lifts of infinitesimal principal automorphisms which are in the kernel of generalized Jacobi morphisms are generators of canonical covariant currents and superpotentials. The role of the geometric structure of variational calculus on fibered manifolds -and specifically on gauge-natural bundles -as worked out within the finite order Krupka's variational sequences framework is here crucial. In particular, only a few gauge-natural lifts can be considered as canonical generators of global gauge-natural physical charges.
Variational sequences on gauge-natural bundles
Our framework is a fibered manifold π : Y → X, with dim X = n and dim Y = n + m. For s ≥ q ≥ 0 integers we are concerned with the s-jet space J s Y of s-jet prolongations of (local) sections of π (see e.g. [10, 13, 17] ); in particular, we set J 0 Y ≡ Y . We recall the natural fiberings π Charts on Y adapted to π are denoted by (x σ , y i ). Greek indices σ, µ, . . . run from 1 to n and they label basis coordinates, while Latin indices i, j, . . . run from 1 to m and label fibre coordinates, unless otherwise specified. We denote multi-indices of dimension n by boldface Greek letters such as α = (α 1 , . . . , α n ), with 0 ≤ α µ , µ = 1, . . . , n; by an abuse of notation, we denote with σ the multi-index such that α µ = 0, if µ = σ, α µ = 1, if µ = σ. We also set |α| := α 1 +· · ·+α n and α! := α 1 ! . . . α n !. The charts induced on J s Y are denoted by (x σ , y In the theory of variational sequences a fundamental role is played by the contact maps on jet spaces (see [12, 13, 19] ). Namely, for s ≥ 1, we consider the natural complementary fibered morphisms over
which induce the following natural splitting:
where
We shall call Ξ H and Ξ V the horizontal and the vertical part of Ξ, respectively.
The splitting (1) induces also a decomposition of the exterior differential on [17, 19] for more details). A projectable vector field on Y is defined to be a pair (Ξ, ξ), where Ξ : Y → T Y and ξ : X → T X are vector fields and Ξ is a fibered morphism over ξ. If there is no danger of confusion, we will denote simply by Ξ a projectable vector field (Ξ, ξ). A projectable vector field (Ξ, ξ) can be prolonged by the flow functor to a projectable vector field (j s Ξ, ξ), the coordinate expression of which can be found e.g. in [12, 13, 17, 19] ; in particular, we have the following
for the horizontal and the vertical part of j s Ξ, respectively. From now on, by an abuse of notation, we will write simply j s Ξ H and j s Ξ V . In particular,
Gauge-natural bundles
In the following, we shall develop a suitable geometrical setting which enables us to define and investigate the fundamental concept of conserved quantity in gauge-natural Lagrangian field theories.
An important generalization of natural field theories [18] to gauge fields theories passed through the concept of jet prolongation of a principal bundle and the introduction of a very important geometric construction, namely the gauge-natural bundle functor [3, 10] .
Let P → X be a principal bundle with structure group G. Let r ≤ k be integers and
, where L k (X) is the bundle of k-frames in X [3, 10] , W (r,k) G := J r G ⊙ GL k (n) the semidirect product with respect to the action of GL k (n) on J r G given by the jet composition and GL k (n) is the group of k-frames in IR n . Here we denote by J r G the space of (r, n)-velocities on G. The bundle W (r,k) P is a principal bundle over X with structure group W (r,k) G. The right action of W (r,k) G on the fibers of W (r,k) P is defined by the composition of jets (see, e.g., [10] ).
Definition 1
The principal bundle W (r,k) P (resp. the Lie group W (r,k) G) is said to be the gauge-natural prolongation of order (r, k) of P (resp. of G).
Definition 2
We define the vector bundle over X of right-invariant infinitesimal automorphisms of P by setting A = T P /G.
We also define the vector bundle over X of right invariant infinitesimal automorphisms of
Let F be any manifold and ζ :
There is a naturally defined right action of W (r,k) G on W (r,k) P × F so that we can associate in a standard way to W (r,k) P the bundle, on the given basis X,
Definition 3
We say (Y ζ , X, π ζ ; F , G) to be the gauge-natural bundle of order (r, k) associated to the principal bundle W (r,k) P by means of the left action ζ of the group W (r,k) G on the manifold F [3, 10] .
Remark 1 A principal automorphism Φ of W (r,k) P induces an automorphism of the gauge-natural bundle by:
wheref ∈ F and [·, ·] ζ is the equivalence class induced by the action ζ.
Denote by T X and A (r,k) the sheaf of vector fields on X and the sheaf of right invariant vector fields on W (r,k) P , respectively. A functorial mapping G is defined which lifts any right-invariant local automorphism (Φ, φ) of the principal bundle W (r,k) P into a unique local automorphism (Φ ζ , φ) of the associated bundle Y ζ . Its infinitesimal version associates to anyΞ ∈ A (r,k) , projectable over ξ ∈ T X , a unique projectable vector fieldΞ := G(Ξ) on Y ζ in the following way:
where, for any y ∈ Y ζ , one sets:
, and Φ ζ t denotes the (local) flow corresponding to the gauge-natural lift of Φ t .
This mapping fulfils the following properties:
3. for any pair (Λ,Ξ) of vector fields in A (r,k) , we have
4. we have the coordinate expression of G
are suitable functions which depend on the bundle, precisely on the fibers (see [10] ).
Definition 4
The map G is called the gauge-natural lifting functor. The projectable vector field (Ξ, ξ) ≡ G((Ξ, ξ)) is called the gauge-natural lift of (Ξ, ξ) to the bundle Y ζ .
Let γ be a (local) section of Y ζ ,Ξ ∈ A (r,k) andΞ its gauge-natural lift. Following [10] we define a (local) section £Ξγ :
Definition 5 The (local) section £Ξγ is called the generalized Lie derivative of γ along the vector fieldΞ.
Remark 2 This section is a vertical prolongation of γ, i.e. it satisfies the property:
Remark 3 The Lie derivative operator acting on sections of gauge-natural bundles satisfies the following properties:
1. for any vector fieldΞ ∈ A (r,k) , the mapping γ → £Ξγ is a first-order quasilinear differential operator; 2. for any local section γ of Y ζ , the mappingΞ → £Ξγ is a linear differential operator;
by using the canonical isomorphism
, for any (local) section γ of Y ζ and for any (local) vector field Ξ ∈ A (r,k) .
We can regard £Ξ :
In this case it is meaningful to consider the (standard) jet prolongation of £Ξ, denoted by j s £Ξ :
4. we can consider £ as a bundle morphism [16] :
Variational Lie derivative
For the sake of simplifying notation, sometimes, we will omit the subscript ζ, so that all our considerations shall refer to Y as a gauge-natural bundle as defined above.
We shall be here concerned with some distinguished sheaves of forms on jet spaces [12, 17, 19] . We shall in particular follow notation given in [19] [12, 19] 
. Since a variational problem (described by the corresponding action integral) is insensitive to the addition of any piece containing contact factors, such an affine structure has been pointed out in [12] to be fundamental for the description of the geometric structure of the Calculus of Variations on finite order jets of fibered manifolds.
By an abuse of notation, let us denote by d ker h the sheaf generated by the presheaf d ker h in the standard way. We set Θ * s := ker h + d ker h. It was proved by D. Krupka in [12] that the following sequence is an exact resolution of the constant sheaf IR Y over Y :
The above sequence, where the highest integer I depends on the dimension of the fibers of J s Y → X (see, in particular, [12] ), is said to be the s-th order variational sequence associated with the fibered manifold Y → X.
Consider the truncated variational sequence:
where, following [19] , the sheaves V . Then there is a unique pair of sheaf morphisms ( [9, 11, 19] )
such that (π 2s+1 s+1 ) * α = E α − F α , and F α is locally of the form
is called the generalized Euler-Lagrange morphism associated with γ.
, then there is a unique morphism
, where C 1 1 stands for tensor contraction on the first factor and ⌋ denotes inner product (see [11, 19] ). Furthermore, there is a unique pair of sheaf morphisms
such that (π
, where A stands for antisymmetrisation. Moreover, G η is locally of the type , 19] .
, where square brackets denote equivalence class, is called the generalized Helmholtz morphism.
Remark 4
It is well known that it is always possible to find global morphisms p h(γ) and q hdγ satisfying decomposition formulae above; however, this possibility depends in general on the choice of a linear symmetric connection on the basis manifold (see e.g. [9] ). In the present paper, however, we shall avoid to perform such a choice a priori.
We will represent Noether Theorems (see also the fundamental papers by Trautman [18] ). In particular, the following two results hold true [5] .
Generalized gauge-natural Jacobi morphisms
We recall some previous results concerning the representation of generalized gauge-natural Jacobi morphisms in variational sequences and their relation with the second variation of a generalized gauge-natural invariant Lagrangian [16] .
, be the flows generated by an i-tuple (Ξ 1 , . . . , Ξ i ) of (vertical, although actually it is enough that they are projectable) vector fields on Y and let Γ i be the i-th formal variation generated by the Ξ k 's (to which we shall refer as variation vector fields) and defined, for each y ∈ Y , by Γ i (t 1 , . . . , t i )(y) = ψ i ti • . . . • ψ 1 t1 (y). We define the i-th formal variation of the morphism α to be
The following Lemma states the relation between the i-th formal variation of a morphism and its iterated Lie derivative [6, 16] . Let Γ i be the i-th formal variation generated by variation vector fields
In particular, we have
. Thus the operator δ i passes to the quotient in the variational sequence. We shall call the quotient operator the i-th variational vertical derivative.
We have the following characterization of the second variational vertical derivative of a generalized Lagrangian [16] . 
Lemma 2 Let j sΞ be the s-jet prolongation ofΞ which is a vector field on
Proof. Owing to linearity properties of the Lie derivative of sections of gauge-natural bundles and since j sΞV = −£ jsΞ , the statement is a consequence of Proposition 15.5 in [10] .
QED
Let j sΞV be the vertical part according to the splitting (1). We shall denote by j sΞV the induced section of the vector bundle A (r+s,k+s) . The set of all sections of this kind defines a vector subbundle of J s A (r,k) which we shall denote by J s V A (r,k) . Let j sΞV variation vector fields. By applying an abstract result, due to Kolář [9] , in [16] we proved the following.
. Then we have:
and locally,
Definition 10 LetΞ ∈ A (r,k) . We call the morphism J (λ, G(Ξ V )) := E χ(λ,G(ΞV )) the gauge-natural generalized Jacobi morphism associated with the Lagrangian λ and the gauge-natural lift G(Ξ V ).
The morphism J (λ, G(Ξ V )) is a linear morphism with respect to the pro- 
The reader should notice that, seen as a section of (V n s ) Y × X V Y , the equivalence class [E n (j sΞV ⌋h(δλ))] vanishes being a local divergence of higher contact forms. This result can also be compared with [6] .
Canonical covariant conserved currents
In the following we assume that the field equations are generated by means of a variational principle from a Lagrangian which is gauge-natural invariant, i.e. invariant with respect to any gauge-natural lift of infinitesimal right invariant vector fields.
Definition 11 Let (Ξ, ξ) be a projectable vector field on Y ζ . Let λ ∈ V n s be a generalized Lagrangian. We sayΞ to be a symmetry of λ if L js+1Ξ λ = 0.
We say λ to be a gauge-natural invariant Lagrangian if the gauge-natural lift (Ξ, ξ) of any vector fieldΞ ∈ A (r,k) is a symmetry for λ, i.e. if L js+1Ξ λ = 0.
In this case the projectable vector fieldΞ ≡ G(Ξ) is called a gauge-natural symmetry of λ.
Noether Theorems take a particularly interesting form in the case of gaugenatural Lagrangians. 
If σ is a critical section for E n (λ), i.e. (j 2s+1 σ) * E n (λ) = 0, the above equation admits a physical interpretation as a so-called weak conservation law for the density associated with ǫ.
Definition 12 Let λ ∈ V n s be a gauge-natural Lagrangian andΞ ∈ A (r,k) . Then the sheaf morphism ǫ :
is said to be a gauge-natural weakly conserved current.
Remark 5 In general, this conserved current is not uniquely defined. In fact, it depends on the choice of p dV λ , which is not unique (see [19] and references quoted therein). Moreover, we could add to the conserved current any form µ ∈ V n−1 2s which is variationally closed, i.e. such that E n−1 (µ) = 0 holds. The form µ is locally of the type µ = d H γ, where γ ∈ V n−2 2s−1 .
In gauge-natural Lagrangian theories it is a well known procedure to perform suitable integrations by parts to decompose the conserved current ǫ into the sum of a conserved current vanishing along solutions of the Euler-Lagrange equations, the so-called reduced current, and the formal divergence of a skewsymmetric (tensor) density called a superpotential (which is defined modulo a divergence). Within such a procedure, the generalized Bianchi identities are in fact necessary and (locally) sufficient conditions for the conserved current ǫ to be not only closed but also the divergence of a skew-symmetric (tensor) density along solutions of the Euler-Lagrange equations.
:
In particular, we get the following local decomposition of ω(λ, G(Ξ V )):
Proof. We take into account that D H ω(λ, G(Ξ V )) is obviously vanishing, then the result is a straightforward consequence of Kolář's decomposition Lemma [9] and linearity properties of £.
QED

Definition 13
We call the global morphism β(λ, G(Ξ V )) := E ω(λ,G(ΞV )) the generalized Bianchi morphism associated with the Lagrangian λ.
Remark 6 For any (Ξ, ξ) ∈ A
(r,k) , as a consequence of the gauge-natural invariance of the Lagrangian, by the Noether's First Theorem, the morphism β(λ, G(Ξ V )) ≡ E n (ω(λ, G(Ξ V ))) is locally identically vanishing. We stress that these are just local generalized Bianchi identities. In particular, we have locally
Let K := Ker J (λ,G(ΞV )) be the kernel of the generalized gauge-natural morphism J (λ, G(Ξ V )). As a consequence of the considerations above, we have the following important result.
Theorem 3 The generalized Bianchi morphism is globally vanishing if and only if δ
Proof. By Corollary 3 we get
is nothing but the Hessian morphism associated with λ (see [6] ).
QED
As a consequence of what stated up to now, we can see that the gauge-natural invariance condition for the variational principle in fact enables us to relate gauge-natural lits of infinitesimal principal automorphism to the corresponding infinitesimal diffeomorphisms of the basis manifolds (the reader should compare this result with what stated in [14] ). This is of importance within the theory of Lie derivative of sections of a gauge-natural bundle and notably for the Lie derivative of spinors [14] . On the other hand, it has direct implications in the theory of conserved currents and superpotentials for gauge-natural field theories. Proof. We recall that given a vector field j sΞ : J s Y ζ → T J r Y ζ , the splitting (1) yields j sΞ • π α andΞ γ are not independent, but they are related in such a way that j sΞV must be a solution of generalized gauge-natural Jacobi equations for the Lagrangian λ.
Remark 7
It is our opinion that the Kosmann lift (the kind of gauge-natural lift used to correctly define the Lie derivative of spinors, in [8] interpreted as a special kind of reductive lift) can be recognized as a kind of gauge-natural Jacobi vector field. We also remark that, for eachΞ ∈ A (r,k) such thatΞ V ∈ K, we have L jsΞH ω(λ, K) = 0; the latter is a naturality condition for the morphism ω(λ, K) (see [7] for details).
In the following we shall refer to canonical globally defined objects (such as currents or corresponding superpotentials) by their explicit dependence on K.
Corollary 1 Let λ ∈ V n s be a gauge-natural Lagrangian and j sΞV ∈ K a gauge-natural symmetry of λ. Being β(λ, K) ≡ 0, we have, globally, ω(λ, K) = D H ǫ(λ, K), then the following holds:
Eq. (14) is referred as a gauge-natural 'strong' conservation law for the global density ǫ(λ, K) −ǫ(λ, K).
We can now state the following fundamental result about the existence and globality of gauge-natural superpotentials in the framework of variational sequences. 
Definition 15
We define the sheaf morphism ν(λ, K) to be a canonical gaugenatural superpotential associated with λ.
